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ABSTRACT

Optical photometry is presented for the quadruple gravitational lens

PG1115+080. A preliminary reduction of data taken from November 1995 to

June 1996 gives component “C” leading component “B” by 23.7 ± 3.4 days and
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components “A1” and “A2” by 9.4 days. A range of models has been fit to

the image positions, none of which gives an adequate fit. The best fitting and

most physically plausible of these, taking the lensing galaxy and the associated

group of galaxies to be singular isothermal spheres, gives a Hubble constant of

42 km/s/Mpc for Ω = 1, with an observational uncertainty of 14%, as computed

from the B − C time delay measurement. Taking the lensing galaxy to have

an approximately E5 isothermal mass distribution yields H0 = 64 km/sec/Mpc

while taking the galaxy to be a point mass gives H0 = 84 km/sec/Mpc. The

former gives a particularly bad fit to the position of the lensing galaxy, while

the latter is inconsistent with measurements of nearby galaxy rotation curves.

Constraints on these and other possible models are expected to improve with

planned HST observations.

Subject headings: cosmology: distance scale, gravitational lensing — quasars,

photometry

1. Introduction

Among the most promising applications of gravitational lenses is their use in

determining cosmological distances (Refsdal 1964; Blandford and Narayan 1992). One

measures fluxes for the components of a multiply imaged variable object as a function of

time and determines the differential time delays. Though straightforward in principle, both

the measurement of time delays and their interpretation has proven difficult in practice.

Only recently have measurements for 0957+561 (Haarsma et al. 1996a,b and Kundić et al.

1996 confirming the result of Schild and Cholfin 1986) and their interpretation (e.g. Grogin

and Narayan 1996) begun to converge.

The quadruply imaged z = 1.722 quasar PG1115+080 (Weymann et al. 1980;

see Figure 1) has many properties which recommend it as a candidate for time delay

measurements (Schechter 1996). But while PG1115+080 is known to vary (Vanderriest et al.

1986), and though the flux ratios of the components appear to have varied (Schechter 1996),

as yet no time delay has been reported. In the following sections we report measurement

of multiple time delays from a preliminary reduction of data taken from November 1995 to

June 1996.
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2. Observations and Reduction

Direct V filter CCD exposures were taken with the Hiltner 2.4-m telescope, the WIYN

3.5-m telescope, the NOT 2.5-m telescope and the Dupont 2.5-m telescope, always in

multiples of at least three exposures, typically 6 minutes each. Frames were bias subtracted

and flatfielded and charged particle events were identified and flagged. Six bright stars were

used to obtain the image scale and rotation.

Photometry was carried out using methods nearly identical to those used by Schechter

and Moore (1993) for the lens MG0414+0534. In the present case positions for the lensing

galaxy and the four quasar images relative to each other were established from V exposures

taken in 1994 with 0.′′75 seeing, as were the shape parameters and the galaxy flux. The

galaxy shape was convolved with the seeing appropriate to each image. Fixing the relative

positions and the galaxy shape and flux leaves six parameters to be determined from each

frame – the four quasar fluxes and the overall position of the system.

Quasar fluxes were obtained relative to the nearby star designated “C” by Vanderriest

et al. (1986), which was used as an empirical point spread function (PSF) template. Fluxes

for other nearby stars relative to star “C” were also measured. No attempt was made to

correct for color dependent airmass terms.

Fluxes were summed for the two brightest components, A1 and A2, which are separated

by only 0.′′48. Little is lost because the time delay between A1 and A2 is expected to be

hours. Fluxes for each multiplet of exposures were converted to relative magnitudes and

averaged together, and an rms scatter computed. The median scatters for components

A1 +A2, C and B were, respectively, 4, 7 and 13 millimagnitudes. These were roughly 50%

bigger than the formal errors in the fits.

The average magnitudes for the quasar components and for star “B” are plotted17 in

Figure 2. They include 30 nights of data from MDM Observatory and 2 from the NOT.

Multiple entries on the same night indicate exposures taken with slightly different “V”

filters.

Fifteen nights of data taken with the WIYN 3.5-m telescope were also reduced but are

not included. The seeing at the WIYN and the intranight consistency of these data were

superb. However the night-to-night consistency was poor, and it has not proven possible

to bring the MDM data and the WIYN data into accord. We expect that by allowing for

variation in the PSF across the chip we will ultimately be able to combine the two data

17These data can be found in tabular form at http://arcturus.mit.edu/˜ schech/pg1115.html

http://arcturus.mit.edu/~
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sets.

3. Photometric Results

In the light curves for components A1 + A2, C and B shown in Figure 2, the errors in

the means, as computed from the intranight scatter, are not much larger than the symbols.

The night-to-night agreement is considerably worse; likewise the agreement of the shifted

lightcurves is much worse than expected from the intranight scatter. On at least some

nights the fluctuations, and those of star “B”, appear to be correlated (e.g. JD 24450088).

It seems likely that these are due to errors in the adopted PSF. Therefore in plotting the

quasar components in Figures 2 and 3, and in estimating time delays, we have subtracted

one half the magnitude of star “B” (taken with respect to star “C”) from our magnitudes

for the quasar components (also taken with respect to star “C”). This gives equal weight to

stars “B” and “C” as photometric references.

The amplitude for components A1 + A2 appears somewhat smaller than that for C

or B, but this is not unexpected. Witt, Mao and Schechter (1995) find that unresolved

components suffer rms fluctuations of 0.6 mag due to microlensing in quadruply imaged

systems. If the time variable core is unresolved by the microlenses, while most of the flux

arises from a larger, resolved region, one expects different fractional flux changes in the

different components.

4. Time Delay

We have computed time delays and flux ratios for the (A1 +A2)−C and B −C pairs,

using the method of Press, Rybicki, and Hewitt (1992), but generalized so that the four

parameters are fit to the three light curves simultaneously. Since the errors derived from the

intranight scatters are clearly too small, we have added to these, in quadrature, additional

errors of 4, 7, and 10 millimag for components A1 +A2, C, and B respectively. The present

analysis incorporates the implicit assumptions a) that the errors are uncorrelated and b)

that the fractional flux variations are the same for each component.

Under these assumptions, we find component C leading component A1 + A2 by 9.4

days, and component C leading component B by 23.7 days. The best-fit C/(A1 + A2)

flux ratio is 0.153 and the best-fit B/C flux ratio is 0.634. It follows that component

A1 +A2 leads B by 14.3 days and that the B/(A1 +A2) flux ratio is 0.097. Figure 3 shows

lightcurves for components B and C, with the latter delayed.
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A plot of the χ2 statistic for the (A1 + A2) − C and B − C delays shows a clean

elliptical minimum, indicating an error for the B − C delay which is 10% larger than for

(A1 + A2) − C, with a positive correlation coefficient of approximately 0.5. This implies

that B − (A1 + A2) delay is correlated with the B − C delay and anticorrelated with the

(A1 + A2) − C delay at roughly the same level. The minimum value of χ2 was 146, with

ν = 86 degrees of freedom. Scaling errors to give χ2/ν = 1 gives errors of roughly ∼ 0.8

days.

Monte Carlo simulations of the B and C components spanning a broad range of delays

and fitting only for the B − C delay give an rms scatter of ±3.4 days for the time delay,

with only a weak dependence on delay length. These are considerably larger than those

obtained from the χ2 surface, for reasons discussed by Press, Rybicki and Hewitt (1992).

Had we simulated all three components and fit for the delays simultaneously the scatter

might have been smaller. For the present we adopt ±3.4 days as a best estimate for all of

the delays.

5. Models, Distance and Hubble’s Constant

We have fit four models for the gravitational potential to the HST positions (but not

the fluxes) of Kristian et al. (1993) for the purpose of transforming our time delay into a

distance. All but one take the lensing galaxy to have a logarithmic 3-D potential, which

would produce flat rotation curve for circular orbits. Model PMXS is a point mass with

external shear. Model ISXS is an isothermal sphere with external shear. Model ISEP

is an isothermal elliptical potential (Blandford and Kochanek 1987). The ISIS model,

adopted by Hogg and Blandford (1995) in modelling B1422+231, uses a second isothermal

sphere to provide shear. We identify this second isothermal with the z=0.304 group of

galaxies (Young et al. 1981; Henry and Heasley 1986) at approximately the same redshift

as measured for the lensing galaxy by Angonin-Willaime et al. (1993).

The dimensionless 2-D “effective lensing potentials” ψ are given by

ψPMXS(~θ) = b2 ln r +
γ

2
r2 cos 2(θ − θγ) , (1a)

ψISXS(~θ) = br +
γ

2
r2 cos 2(θ − θγ) , (1b)

ψISEP (~θ) = br + γbr cos 2(θ − θγ) and (1c)

ψISIS(~θ) = br + b′r′ . (1d)

where ~θ is angular position on the sky with respect to the lensing galaxy with polar

coordinates r (an angle) and θ, b is the lens strength (also an angle), γ is the dimensionless
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shear, θγ gives the orientation of the shear (measured from W to N, consistent with

Kochanek 1991), b′ is the strength of a second isothermal sphere and r′ is angular distance

from this second deflector. The shear at any r′ for model ISIS is γ = b′/2r′. Including the

two unknown source positions (βW and βN) the first three models have 5 free parameters,

while the last model has 6 counting the P.A. and distance d of the group from the lens.

Centering the coordinate system on the observed position of the galaxy gives 8 observable

quantities, the coordinates of the 4 images.

Parameter values and the source position were obtained by minimizing residuals in

the source plane. The observed image positions were projected back into the source plane,

as were the position uncertainties (which we took to be equal and circular). The latter

produce source plane error ellipses with areas inversely proportional to the magnification

which are then used as a metric in minimizing the difference between the model source

position and the backward projections of the image positions. We take the uncertainty in

the galaxy position to be negligible in all but one model, labelled ISIS+, for which the

galaxy coordinates were taken as two additional free parameters.

Results for these fits are given in Table 1. The group strengths and distances for the

last two models are b′ = 2.′′900 and 2.′′734 and d = 14.′′7 and 13.′′3 respectively. The strengths

correspond to velocity dispersions for the group of 383 and 372 km/s for Ω = 1. In the

ISIS+ model the best position for the lensing galaxy was only 11 mas from the position

reported by Kristian et al. (1993).

The derived model parameters given in Table 1 are similar to those found by others

(e.g. Kochanek 1991; Narasimha and Chitre 1992; Keeton, Kochanek and Seljak 1996) for

the same system. The elliptical potential (ISEP) fit least well, and would require an E5

or flatter mass distribution. The double isothermal (ISIS) fit significantly better than the

isothermal with external shear (ISXS), even when the position of the “tidal” isothermal

was fixed at the flux weighted centroid of the neighboring galaxies (c.f. Young et al. 1981)

at P.A. -116.4◦ E of N and d = 19.′′1. This corresponds to a shear at θγ = 63.6◦ N of W.

The goodness of fit, the close positional coincidence, and the plausible value of the group

velocity dispersion are strong arguments in favor of the ISIS model. Following Narayan and

Bartelmann (1996), time delays τ are given by

τ(~θ) =
(1 + zl)

c

DlDs

Dls

[

1

2
(~θ − ~β)2

− ψ(~θ)
]

, (2)

where ~β is the source position, the distances D are angular diameter distances, and where

the subscripts l and s refer to lens and source, respectively. The left and right hand terms

inside the square brackets are, respectively, the geometric and gravitational components of

the time delay. Also shown in Table 1 are time delays in days computed for Ω = 1 and
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H0 = 100 km/s/Mpc, taking the galaxy redshift to be the same as the group redshift found

by Henry and Heasley (1986), z = 0.304, and the source redshift to be 1.722. For these

values we find
(1 + zl)

c

DlDs

Dls

= 30.49 days arcsec−2.

Models with (Ω, λ) = (0.1, 0.0) predict time delays longer by a factor of 1.074; those with

(Ω, λ) = (0.1, 0.9) predict delays longer by 1.038.

Model PMXS predicts longer time delays because the lensing galaxy is more centrally

concentrated. Wambsganss and Paczynski (1994) have noted this effect and emphasize

the difficulty in constraining the degree of central concentration with only the positions of

4 images. Model ISEP predicts longer time delays because the source must lie near the

“diamond caustic” to produce the two brighter images. The diamond caustic for an ISEP

model is roughly twice that of an ISXS model with the same shear, forcing the source

further off center and increasing the difference in arrival time. A change in position of the

lens of 11 mas produces a 3% change in the B − C time delay. Kristian et al. (1993) quote

a 50 mas uncertainty for that position.

Comparison of the observed B − C delay of 23.7 days with the predictions of Table 1

gives H0 = 84, 44, 64, 41 and 42 km/s/Mpc for the PMXS, ISXS, ISEP, ISIS and ISIS+

models, respectively. The 14% uncertainty in the time delay gives a 14% uncertainty in

each of these numbers. Interpolating between the PMXS and ISXS models, we estimate

that taking the leading term in equations (1b-d) to vary as r1±0.2 produces an additional

14% uncertainty in the Hubble constant.

In all of the models the A−C delay is consistently a factor of 1.5 larger than the B−A

delay, while the measured A− C delay is a factor of 1.5 smaller. While this discrepancy is

only at the 2σ level for our adopted uncertainties, it is nonetheless cause for concern. We

believe that the B − C delay is less subject to systematic error than either of the shorter

delays because of the larger number of samples per time delay.

6. Prospects for Improvement

There are many ways in which our time delay and distance estimate might be improved

upon. As described above, the intranight scatter in the photometry is considerably closer

to the photon limit than the night-to-night scatter. We expect that a new reduction

with improved algorithms, a better profile for the lensing galaxy and perhaps with better

flatfielding will improve the scatter and decrease the uncertainty in the time delay. Better

algorithms may allow the inclusion of roughly 20 nights of WIYN data which fill many
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of the gaps and have not been included in the present analysis. Finally, not all of our

data have been reduced. Some 25 nights of data taken with the Hiltner telescope, the

NOT, and DuPont telescope await reduction. Further monitoring would likewise reduce the

uncertainties in the time delays and help to clarify the discrepancy between the observed

intermediate delays and those predicted by our models. New HST data to be obtained

during Cycle 6 is expected to reduce the uncertainty in the lens position and give an

ellipticity for the lensing galaxy.

We thank M. Pierce for obtaining observations of PG1115+080 on our behalf. PLS

thanks G. Canalizo and E. Fulton for their early efforts in PSF fitting and lens modelling,

and P. Steinhardt for pointing out a small numerical error in an early version of the

manuscript. DOR thanks the Institute for Advanced Study for its hospitality.
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Fig. 1.— An I filter direct image of PG1115+080 showing QSO components A1, A2, B, and

C. Stars “B” and “C” of Vanderriest et al. (1986) are outside the field.

Fig. 2.— Unshifted light curves for the PG1115+080 components components A1 +A2 (⋆),

C (◦), and B (•) and for reference star “B” (2).

Fig. 3.— Light curve for component C (◦) shifted by 23.7 days to match that of component

B (•).



– 11 –

Table 1: Model Parameters and Time Delays for Lens Models
model b βW βN γ θγ A1-C A2-A1 B-A2 B-C χ2/DOF

(”) (”) (”) ( ) (◦) (d) (d) (d) (d)

PMXS 1.137 -0.047 0.205 0.198 65.8 12.5 0.13 7.3 19.9 135/3

ISXS 1.144 -0.025 0.108 0.103 65.8 6.6 0.07 3.8 10.4 104/3

ISEP 1.164 -0.022 0.151 0.079 65.7 9.7 0.43 5.0 15.1 204/3

ISIS 1.033 2.598 -1.124 0.099 65.1 5.6 0.06 4.0 9.7 10/2

ISIS+ 1.026 2.446 -1.056 0.103 64.9 5.7 0.07 4.2 10.0 0/0
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e`baab``aaaaa`aabbababbabbab`a`b`baaabababbbbaaabaa`abaaaba`a`a`ba`bbabaaaaabaaaabaaaa``bbbaaba`bbaabbabababbbababababbaaaaababaab`bb`abaaab`aaaaabab`aaaabac`b`aacbabbabababaaabbaabaaf``
gb`babbaa`aa`baabaaab`aaa`bbaaaab`aababa````abaaaabaa`aab`bbabababa`babbabaabaaaababaabba``ababa```aaababa```baaaabbb``b`baaabaabaa``aaabaa`aababaab`aabaabbababaa`bababbba``aab``aa`abf``
fababa`babaabbaabaaa`aabab``aaabab`baa`babbb``aa`a`babaaba`babbab`abaaa`abaaa`aaaababababab`babaabbababbabbab`aba``abababaaaabaabbabbabbabbaababa`a`bbabab````babaaaaa``babababababaaa`g``
fbab`ababaabbabaaaaaabaa`babbaabaabaabaababacaabaababaababa`a`bbaaabbaaaaabbaabaabbababaaabaa`aababba`````babb``babaaaab`babaab```aaabbab`baaab``baa`baaababababaabbaaba`a`abaabaabbabag``
fa``baaaabba```abaabbaaabbabbabbabbaabaaba`a`aabbabababa``bbaa```baab`baab``abbab``aaa``aabababaabaaaabbbaaa`bababaa`baababaabaabbaab``aaa`baababaabbb``aabaabaa`abaababbaaabaabbabaabae``
f`bbaab`a`aaabaa`babacabaaa`aba``aaba`baaaaababaabaa``ababababbababa`ababbaabaababba`aaaba`a`bbababaabaabaabbabababbbabbabacaaabbaba`baaaababbaaababbaaabababaaaab``baababbaaba`aababbbf``
fbbababaaba`babbbabaa`abbb`ba`bbba`abaaabbabababaabaaba`ababababaaa`bbaa``aaab`b`aaabababbbaaabbaaab`baaabb`abbaa`bbabaa``a`ab`baab`baabbabba`aaab````abba`ababaabba`aabbaabab`aa```a``f``
fababbababacabaabaaa`aa```aaba`abbbaabaa`abaaaaaaaababaabaa``ababaabaabababaaba`aaaaabbababbaa``a`a`abaabaaba`abab```babbaabaabaab`abaaabbaaabaaabaabbababaa`a`babbbbaa``aaba`abbabaaaaf``
fb````aaa`abaaba``a`babbabababaaa`abaabbaaa`aaaabaaaababababaaaabababaababbaababaababbab`a`abbababbab`bababbab`aaabaaba`abababba``abaabb```a`aabababababaabab`baa``aababaa``baababbabbaf``
e`aababaaaa`aa``bbababababaabaabaaa`ca`abaaabaa`a`babaabababb`aaab`babbbababa`aaabbbaaaaaaaabababababaaabb```aba`abba`aababaa`ababaabaaabbaababababbabb`a`bbabbaabaab`bbbbab`aabababbabf``
fbaabb`abbabaabbbaabbaabbabaaaa`aaba``b`bbbaabaabaab`aabb``abbaaa`aaa````abbabaabaa`a`abbbab```bbababaaa``bbbaabababbbbab`aababbababaaa``cabaaa`ba`````aba`babbaabab`a`abbababa`ba```abf``
faaabacaaabababbabaabab```bbaabbaacabaaba`ababaaabaaaa``aabaababaaabaabba```aababaabaab``caabba``baababbababbababa`a`bbaaba`baa`aabbababb`abbaab`aababbabba`a``abaabbaaa``aababb`aabb``e``
fabb```baaa`ba``baba`a`abb``aababb`abaabbaaabbaabbaaababaaba``bbaabaababbbbaaaaba`babbaba`aaabbabaa``bbaabab`abbbbaaa``ba`bb`babaa`a`aabbaaabababbababababab`bb``bbaabababaabbabbbabbabf``
faabbab``baba`baa`a`aababbabbab`abaa`aaaaaba``aabbaabbbabababaaaaabbaba``babba`b`baabbaabbaab`abaa`ba``aab``aa```acabab`bbabb`aaa`aaaba``baa`babaababaaba`bbbabab``abbabbba```aa`abababf``
fbaaaabbabababbabbaab`ab``baba`aa`ababaaaaabbbaaa``ba`aabb`aabaaaab`ababa`bbabb`abaa``aa`bababb`aababbb`abaababbaa`aabba``b`abbababbababb`aca`abbaababa``b``babbbbb````aa`babbaaaaa```bf``
fb`babbaaba`abba`ababbabbb`aaaba`bababa`baa`bababab`bb`ba`abaaabab`b`a`abb`bababababbaaaa`bb`bba`bbabbababbaababababababaabb`bbbabaabaaabaa`aba``aa````bbaba``abaabbabaa`baabbaabaabaabf``
faaab``abaaa``aab`ababb``abaabbabaababbbaa`b``baabababa`aaababbaaab`baababaa``bbababaaabba`ab``abaabababbbabababbabaabb`baa`a``abaabbaa`babababbaa`abbabbababaa``a`babaabaabb`bbabaaaabe``
fabababa`ababba`bb`baabaaabb``bbbbaa`b`abbabba`a`bbabbabbaaaba```babaabaa`a`ba``a`baaabbacaabababab``a```abaaba``aabb``aabababaaaab``baa`aab`aabbabbabab`bababababaabababba``a``a`ababaf``
fabaaaacb`babbabbaaa`a`aababba``aab`b`ababbababbaa`ab`ababaaa`babababababaababab`b``baa```aaabaab``abaabaa`aabaaaa`ababbaabbabbba`abababb`cabababbabababa``aabbabaaa`abba`ababbabbaabaag``
fb``aaa`bbaaabbabbaacaaaba``ababa`baabb`a`b``bbabbaa`baabbbabaabbabbaabb`babababbabbbaaababaababbabababbbbaa`baaabb`ababa``abaaaabb`abacab`aab``````b`a`ababab`aabbaaa``aaaababa`bbaabae``
fabababaa`baa`````aaaaabbacaaaaabaacaaabab`ab```babbaaa````babaaba``abaabab`abababababababab``bbabbababb`ababbaababaa`babbababaaaaaca```abbabbbbabab`aabaaba``b`babbbabababaababa`abaaaf``
f`aaab`aabababbbaabaaabaababaababba`abababbaaabb``aabababab`acaaa`baa``aababa`a`baaabaabbabbab``a`baba``aaaababaabbbabaaababa`aaaba`bbaba``a`aaacababababaabbabb```baabbabbaa`aaaba`aabf``
fbabababaab`aaaaabbabbaba`aacaa`a``ba``aabaaaabbbbaabaabababa`aaabababbaaaabaaab``aa`bb```a`abab`b``b`abbabaaabaaa``baa`aaabaabaaaab`bbabbaaabaa`babababbababbababaa`aababbaab`ababba`bf``
fabbabbaba`baaabaab``ba``b`a`aababababaa`baabb`bbabaabaabababbabaaababbabaabaabaabbaa``bbaaaabbbabba`ababaabaa`ababa`bbbaba``abaab`ab`aaabaaaaaaa`aabab```aba`babba`b`aba``babbabab`babf``
fbba``baaaabaabaabababababbaaaabababababa`aabba`aaaab`aaaa````b`aaaaba`abaa`baabbababaababaab`aabababbaabaabaabbababaaaabaabababababbaa`aabbaaabaaaa`aaabaa``ba`aabbbb```aaa`ababb`aaaaf``
g```aba`aabaaaaab`aba``babbabbaaaaaaababbaba`abab`aabaaaa`bbababbaabaaaa`aabaaab`aaabbabababbaaaabaababbabbaababaaabaaaaabbabaababbb`aabaa``bbaabbaaaa`bababaaaaaa`aababbababa`a``ab`bae``
ebababababababa`aaaaabaab``b``bbaabaab`abbaaaaabbbaaaababbababaabbaba`bab`bbaaaabaaababababbaba`babaaaaaa`bbaaab`aabaabaaa`ababababbbababbabbaabababbbababababbbbaba`bbababaabbaabaababf``
faabababaa`bbababaabbbaabaaaabaabababaa`ababaaa``abba`babbabba`aaab`abaabaabaababaaa`a`abaa`aababa`baab`ba```ababaa`aaabaaaaba`a`````babbaba`ababbabbabbabaababaabbaa`bbabaabbbababaaaag``
gabbaaaaaab``b`babbaaabbaababaaab``ba`bb``abaabaaa`baababbb``baababaabababbabaaa`bbbaaba``aaaaabaabaabaaacabbab`aabaabab`abbabaababba`b`aabbb``b``````a``aba``a`ba`bba```bba```bbabbabaf``
faaaab`aabbbaba`aaa`a``abaababaaaaa`aababaaaabbaaba`bba````ab`aab``bbabaa`baaaabaa``aaaababab`aba`aba`ab``babbababababaaaaba``abaabaaa`b`aa`abababbabbaabaaaab`a`aa`bbaba```bba``abbabbf``
faa`abb`babacabbabbababaaaababbabbabaabbabababacaaba``bbabababbb`aaaab`aaaabaaabaabaabababbabba`aababbaabb`babaababbb`aaabaabaababbbbbaabaaaaba`aabbabbbaaaaabbababb`abaabababbbaa`````e``
faaba`abb`````baaa`bbaba`baa```aabababa`abbab`a`babbaabbabbabababba`aab`baa`ab`babababbababa`aababaaababaab`a`baba``bbababaababaa```aabbaababababaabaabbbaabaabbababbaabababba`abbababbf``
g`bacb``bbbabaababaabc`baba`baba`aabaa`b`aaabaabaaabaaaab`ab``bbababa`babababababbabaa`aa`aabacababba`babbabaa``abba`aabbabaabbaaabaaababbbaaaababaabaa``babab`baba`bba``aa`bbaa`bbababf``
fba``ababababaa``aab``b`abaaabaabbaacaabb`ab`aaba`abbab`ab``ba````baaabbaabaabab``b`baabbaaaaa`abaaa`abaaababbbab`ababaa`abaaa`bcabaaa`aa``aba`baa`a`baabaab`aaab`ba``bababa``abaa`abbaf``
fbbbaabaabbabacbaaaaab`baaaabaabbaaa`aababa`aabbaba``baba`bababbaabbabbaabbabaa`ab`a`aaababbaabaaabbabaab`bbbaabababababaa`aabbaabababaa`bb`baabaababaabaabaaaaaaaaaaaabbb`bbababaaa``bf``
faaabb`a````aa`abaabaabaabbababaaab`b`babbaabababbaba`aabababababababbabb```a`aaabababaa`abaabbaa`baaabaab``abaababaabaabababbaba`aaabaababb`aabaabab`abab`bababbaaaaba``abababbabbaba`e``
f`a`baababbaaaaaba`aaababb`bab``aaababaaa`cabab```bbababaababaabaaa``````abbabababbabababb`abbabab`aaab`aabaaabaabbbabababb`````ababaabababaabbaaaaaabbaa`a`aababababaabaaaba```baabbbag``
faab`aabbabbbbaaabababba``aaabab`babacaaaa`ab``aab``babaababbaaaaabababbababbaaabababbaaabba````babaaaaabaabaa`ba`aba``b``bbbabbaabbbababaaaab``abaa`abaaabbaab``aababbabb`aaaba``a`aaag``
fbaabaaabaababbbabababa`baba``ababaaa`aababaabaabbababaabab``bbaaababbabbababaabab``bbabaaaababbaabbbaabababbab`aba``babaababbbababa```bbaaaacabaaaaba`abbabbaaab`bbaaaabbaaabbabababa`e``
faaaabab``a`````babab``abbabababbaaaabaabaaba`aababba`aaaaaaa`abbaababbaabaa`babaaba```baaaaabbaba`abaabaabaababbabbbaabaa`aaababbabbba``abaa``bbbabaca`abaabaaaab`aaba``aabaabbbabbbabg``
fabbaabbabbabbabaabaacabababbbaa`babbabaabababaababaacaaabaabab`abaab``a```aaabba`ababb`abaababaabaabababa`bbba`bababbaabbaaaa``````ababbabaabaababbaaab``bab`bbabba``babaabaa``bb``ab`g``
faaaba``bababbabaabaa`aba``a`baabaaababaa`a`abbaba`abaaabbabab`aa`b``abababbb``bbbababbbabababababab`bbaaba```baabab`bbababababababbaabbbaababaa`ba`aaabaaa``aabbabbbbabababaaba``aba`af``
eaabaaaa`baba``bab``abababb`bab`b``a`aababaabaab``baabba`baababbbb`abababbabbab``baabaabaababaa```abb``ab`ababababaaaabaaabbabaabbabba```abaaabab``b`babbb`baaaa```aaaaa`aaababcabbabbaf``
faaabaaba```aab```ababaabaabaaabbabbaba``babaabbabaaabaab`babababbabababa`aa`aabb`aa`aa`ba`ab`aababaabbabbbaabbaa``aaa`ba`aababbabaa`abbb`a`aabababbaab`bababbababaaababaa`b`a``bbabbbag``
fbaabaababbbabababababaaaaababaaaaabbaabaabbaa``aabaa`a`baa``bba`ababbaaaaa`bbaabbababaa`baa`baababaaaaba`bababababbabababaa``baa`a`baabbabba`baabaaba`aabbabababaaba`aaabaabaabaaa```af``
faaa`bbbbababbabbbababaaabababababaa`baaaba`baabaabaaaababbab```b`bbaba`babababbabababaababaabaabbaabaaabbabbababbabaab`aabbbaabbbaabab`bbbabb`aabbbbaaba``a``b`ababababaab`ababa`aabaaf``
fbaba`aa`aba`baaabb`a`baaba``babab`aaaabaabbababbabaaabbaabbbaabab`ba`babaabaa`aaababababaabbababbabababaababaa`cbabababbbabab``ababbbab```ababb````aabaababaa`ababbaabababaabaabbababag``
fbaabababaa`aaaa```b`b``abaaaab```abaaaabbaba`aabbaabababba`babaaab``a`b`babbabaa`aaabb`aabaabbabababababababbbb`aabbabbabb``caba`baa`babbaaabaababaaabbabbabbbaaa``babaabababaa`bababae``
fabababa`aaaba`babbaabbaabaaba`ababaababaa```babaaabababa`abaaabaabbababaaaa``abbb`a``aabaababaab`bbababababaaaababbaabbababb`abbabaaa`aababa`aabbabbaaa``bbababaaba`aabb``aaab`baababaf``
fa`babaababaabababaabaababaabaababbababa`aabbababbabaaaaaaaabaabbaabbaabaaaabaababbabb`baca`abaaaaa`abaaaaaaaabbbbabaababa`aabaabbaaabba`bbaab`aabbbaba`bb```abbaabba`aa`baabaabaa`aa`af``
faa`a`abbabbabbbaaababbabababbabaabbbaaaaabababaa`ababababbabaaacaabbbababababaa`babbaaba`bbabaaabaaaabbaaabaa`baa`bbaa`a`baabab`b`baabab`bababab`a``aabaababa``aaababa`baba`bababab`bbf``
fabaaaaaab``bbbba`a`b``bab`aa`abaa``a`abaaababa`baa`aa`aabaabaaa`aa`a`ababbbaab`b`bababbaa`ab`ab`ababaa`bbababbabab`bbbaababaabba`aabaaabba`aabaacaababaaabbabbb``bababababab`b`aaabbaag``
fbbabbaaaaba`````abb`baab`aaab``baabababababa`abababaaabbabb`abaaaaaab``baaababaab`ab`aababbbaa`bbaaba`bbbb`babaaaba`abbbbabaaabaabaabaa`aabbaba``abaaababaababbabaababbababab`aaaba`bae``
fa`abaaba`ababababaabaababbaababaababbbabab``babbababbbaa`babaababbaababaaaaabbbaaba`aab`aaaababababbabbbbcbaabbbbbbbcbbabbbbabababbababb`aabaababaaabbabb`a```abbba````abaaaababba`ba`g``
faaaaabaacaabababbaabaabaabbaabba`babbaabbabbabababababbababbbabaabababbaaaaa```baaabbababaaa`ababababbacbabbcabcbabbabc`bbb`babbababbaabaaa`ba`abaababa``babbba`aabbababa``a`babaababaf``
f`babaa`a`baababaaba`ba``babababbba```aaaababbaabbbabbabbba`abbabaabaabbabbababababbabaaababbbabbabaa`babbbbbabbbabbcaabbaabba``bab``aabaabab`abababab`abbaaababaaaababa`bbabbababaababf``
fbaaabaabbbaa`a`babab`abaaa`aba`bbababaaaa`babaaabbaabababbbaababbabba`babababaabbababaababababbbababbabcabbcbbcabbbbacbaaababbb``babababaabbbaabba```a`aabbaabababbabbbb`ababa``abababf``
f`babaaaababbaab`aabaaaac`baa`ab``babbaabab`babbb``cabbabbbbbabbbaababb`b`aba`baba```bbaabaa`ab`bbacabbbabbabbbbbaababababaabbabba`ab`aa`bbbaabbbabbabbabaabaa`a`ba`````baaabaaab``abb`e``
faababaab``abb`ab`a`baaaaaababaacababbaaaabaaa`babbaababa`aaba`aaba`abab`baababaa`bababbababbabaabaabbaacbbbaabbcbcbbacababa`abbabbababaaab`aa```baaabbab``bbabaaabbbabbaaaa`a`ababa``ag``
fb``ababaabaaababbabbababababbb``abab`aabaabbaaababab`babab```bbaaaba``bbbaaababababaa``a`acaa`aaabababababbbcbb`bbabcababbababb``babbaaaa`abaabaa`aabbabaaa`baaba`bababaaaaabaababbaabf``
fbab`a`aababa`bbababbaaaaaa`babab`ba`aaaaabababa`bbabb`abbbabbaaaaabaaba`bbaaaaaababababababaabbabbbaabababbbacabbbbbbaabababaabaaabababaabaa`bab`baa``bbab`b``aabb```b`abaababaab`baaaf``
fbaabbbaaababa`aa`b``aaabaaa`aaaababbababaaaabbbbbcbabbcbbaccbbbbbbababba`abaaababababababbaaabacabbacabddcccbcddeddeeceabbbbbabbababababababbaabaabaab``aabbabaaababaababababbaa`abbaag``
f`ba`babaa``babaaa`aaababaabaa`babaa`bbaabac`babbcbbcbcabbbbaccbaabbabababaabbaabaababbbbabababaabbbbaa`bbccbddbbcbcbbbbbbabbbbbabb`ba`aabbaabbaabbaaaabbababbabaaaaaba`babaabababa`aabf``
fbbabababbbaabaababbab`ababababaaababaabbaaabbabbbbbcbacbbbbcabbababbabbbabaabbbabbab``bbabbabbacaa`aabaecbcdabcbbcbcccdbabbcabbaabb`bbaabaabababbaabaababa``babaaababbba``aaab`bbbbaaaf``
fb`bba`aaabb`baabababbbaaabbbaabababbabaacbabba`bbcbbcdb`bbcbbbbbabbbbabbbaababaa`aa`ababba`bb`bbabbabbacbcdbdcbddcdccbcababbbbbbabbb`abaaabaaaba`abaaabaa`baabaaaaab``babbaba`a`bbaba`f``
faa```baa``ababababaa`bbabab`abbab``abaababbbbbadbbcbabadbbababbababbabaaaabbababbbbabaa``bb``baabababbbbcbcbcbccbbbbcdcabbbbabbab``abababbab`aaab`aabaabaaaba``aababab`aabbaabab````abf``
eabababbabababab`abb`b`ba`abbb`aaaabaabababaabbbbbbbbbbcbbbbadbbbbb``babbab`abab`aa`babbba`abbaabbabbbabddcbbcccdddcdcbca`babaaaababababa`aa`aaaaabaabaaabbaababbab`aabaabaabbabababb`af``
gaaabaa`bbaaa`a`b```aaa`bba``bba`abababbbbaabababbbacbbabcabbacbb`bbbab``aabba``ababbbbaabbabbababbabbaabdccdccbbcbcccdcbbaabcbb``abaababaabaabb`abababab`aabbabbbaaaabaaaa```aabababbag``
ebabababababbaaaabbbabba`aaabbbbbababa``bbbbabaacabbcabbbbbbabbbaaabaabbababaabbabaabb`bbabbababbbabbbbbbcbccdcccecadcbcabaababbbabaabaa`babaabbaaaababaabaa`aaa`abaababababbabaaababbaf``
fababababa``ababbabbababaabba``aabababbabbbbbbbbdfdeddefbdeddfcbadbbabbbbbaaabbababaaaaababbaabbbbabbabccbdcacbcbbbcccbdbabbacacaabbabaaabaabababba`baa`abbabaaab`aabaa`ababababaaa``abf``
fbaa`aaba`bbaabaaaababbbbaacaacaababbabacaabbbacededefcedacbcbddbbbacbabbabbbababbaabbabbabbabbabbabcabbbbbbcdbcdccbddbcbbabaaabbabababbabb`bab`babbab`bababbba`bbaaabaaba`abbaba`abaa`f``
fa``ba`aaaabaaabab```b``aba`aababb`babaacbbabcbaddebedddeeddededbbbbbcbabababababbbb`baa`bababacabbbabbadbddbbcbccccbdcbbbbbbaabbbabaabbababaaba`abbaabaaa```abbabbab`babaaa``abac`babbe``
fabbaabaabaabaaaaabab`aaabaabaaabaaaa``babbbacbaeddeceddccfcdebcabbacbababababababa`a`abbaa`baa`babbababbcbcccbccdcbdccdbacabab`aabaaaaaab`aaaabaa``babaaababaa`baabbaabaaabbb``a`baabag``
f`aaaabababa`b`aaaaabbbbb``ababbabba`babababbbbbecededceebbcccddbabbaacaaabbaaba``bbababbbacabbabbbbbabaddbbbcdbcbbbbcabbbababbba`baaa`b`bababaaababa`aaabaaaaababa`abaa`aaababb`ababaaf``
gababaabba`aabbaaabbabbabbbaba``b`aabababcbbbbbaeeedeeddeddddddeaaa`cbbabaaaba`aba`bbababababbbabbbabbcacbdbbccadbcddcdcbbbbcbbbaababbaaa`aabababbabbabbabbaabaa`a`b`aababaababaabaa`aaf``
fbbabba`babaaaababba`````acabaab`abbabbacacbcabbedecdeddbedecdcdacbcabbbbaaabbbaabbaabababab`bbbbbabbaabbbccbdcbcddcbacbbbcbcbbcababbabababab`aaaba``abaa`ababaababababababaaaabbababa`f``
fabb``bbabbababab`aabaabbaabbaabbaababbabbbabcabededfccfdbecbeddbbaabbbbbababbabbaababbabbaba``adabbabbbdbccdacbccacccddabbbabbabbabababbabaabbab``bbaababa`aaababbaab`abababa`abaababag``
fa``aaa`a`ababaaaaaaabbaaaaa`babbababbbabcacbbbadecfdeeecccdfcceaabbbabbbbaa`babbbbabbacaabbbababbbbabcabbabababbbabbbbbaa`bbbabbaa``bababaa`baa`ababababababaababaaaaba`ba``bb`aaababag``
gaababaabaa`ab`aaaabaabbaa`aa`abababaa`ababcabbbedfcddedeeedeecebbbabbba`abbb`ababbac```bbabcacbabbbaabbcacbabcababbaab`bba```aabbbbabbababbaaabbababa```abbbaaaa`a`ababb`abbabaababa`be``
eaababaa`bbaa`babbaabaabcabaabaaaaaabbbabcbbbabbeddeedecddfcdedeacbabcbbbababbaabababbabaabaabbbbbbbbabbacbacaabbbbcbbbbbabbcaaa```bbababaaabababaabbabbaaa`abaaaabb`ba`bababa`ab`aa`b`f``
gaaaabbababbababababaa```abbabbababa``aacabbcbaafedeeecfebcceccdabcbbbbbaaababbabbabbabbababbc`aabcabaaabbbbacbabbbabbbbbabbbbbabbabab```a`aaabababa`abababb``abababbaababa`aabaab`bbabf``
fbabaababb``bbaba`babababaabbbaabb`aabababbbacbbddefddeeedfdfddfabbababbbba`abbaa`a``babbbbaaaaaaa`aacababbbabbbbbbbabbba`babbababababbababaabaaaabaaa`baaaabababaa`ababa`aabaababaabaag``
fbb`aba``bab`abbaa``ababab``aabaaabbabbabbababbbddfddfedcfddcddeabbcabababbbabcaacaabababbabbabbbbcbbbb`babbbbbbbabbcbbbbbabbbbbabaababbbaababaa`a``bababbabababaabaa``abaacaabaababaaae``
f`baa``baaaaba``babba`babbbaabbaabbabbaacacabbbafdcfeddddcbeebddbbbbbbbaababaa`ababbbbabbbabbabab`baabbbbbaacbbacbbbabbaacabaabababa```bababb`aabaabaabaa`aababab`aaabb`baaaababa`abaaag``
fbababbabbaababb`aaabb`ab``ba``ab`bababbbbacbabbeeeddedfedfddddfbbabbabbbabac`baaabbbbb`babbabbabbacabbababbacabbabbcbacbbaabbababababaabaa`abbbababbabaabab`bba`aaaabbaababa`a`ab``aaaf``
faa`abbabbaab`bababababaabababb`baabababacababbabbbbbbcabbcacbbb`aa`bbabaaaaabbbaabb`baaaabaacbabbbbbabbbbbcacbcabbcabaaabbabaabbabbabbabbabaabababaaaaa`ba`a``bbbaaba`baaaa`abb`babaaag``
gababa`b``aa`a`aabab`abab`bbababbabababaabababaababbbabbabacacabbbabbbabbbbb`bbbaba`bababbacabbacbb`bbbacababbbabc`aabbaa`bababa```bbaaa``bbaa`ababaababababbab`abbbbab`b`aabaaabbabaaaf``
fa`ab`b`cabababaaabaaabbaaabb`baaaba`a``aaabbababcacbbbcbbdabbcabbbbabbbaababaabaaababbababbbbababbbbbbbbbbbbabbabbbbbbbbbaa`aababa`bababa`aabab`babb``baabbabab`b`aaaabaaababaaaabaabaf``
f`babaab`abababab``aba``ab```aabbab`b`bbbabaabbbacaabbbbbabcabbbabbbababaaabababbbbbb`cbababbbbbababcabbaabbacaabbbbaabbababbbaabbabacaababaababb```aba`bbabaabba`aaaabababababababababf``
fbab`aabbbaaabaabbaaaabbaabbab``bbbaabbbbac`babbbbbcbabbdbabbadbbabbbbbabb``bababbbabaaacabababcbbaaccabbabacacbbabbcabcabbbabbaaabbabababaabaabbabaaabbaaa`a``babbaaaba`aababaa`aa`baaf``
ebaabbaababaaabbaaaabaabbbaabbba```aabaabaabab`bacbabbababbbbbbbaabbabab`bbbbab``bbabaaababb`bb`babbabcababbabbbbababba`babbababbbabbababababaa``ababaaaba`bababbbabbababaab``a`baaaabaf``
gaaacab```bbaaa``ababa``abababbbbabbaabbaaabababababcabbbbbcbbbababaababaaba`b`abaabbabbbbabbabbbbbabcabbabbbbaabacbababbbabbabbababababbaabbabbbabbabbbaababba```a``a``ab`babaaabaab`bf``
fbb```aaba```aaabababbabaabab`abaababaaababbabbabbccbbbacbbbacbcbaabbaabababbbbababaabcaabbbabbabbbab`abbcabbbbbbabbcabaabbbaabbabbababb``baaaaaab``aababbaababbbaabaabbabb`abbbabbabaag``
fbabaaaabbabaaaabaa```aaba```aa`bbabb`a`bbabbbaabaa`aabaaabab`aaaaababbaabbabbbabaabbbaabababbcbdbdbbccbcbecbbbbbbabbbdcbcabbbbbabab`a`aaaaabaabaabbaaababba`a`babaabbabaabbbabab`ababae``
fb``babbaabbababba`bbababbabbaaba`baabab`aabaabbbbabbababaabacbaabaabbabbaabbabbbababbbbcbabbcacbbbcbbbcdcbcbddbbccbbbcca`abbbbbaabaabbaabaa`ababbaabaa````abaa`babababba```bb``baaaaaag``
e`babababa`abbbaabaababababababaababa`abababaaababaabbbba`b`aabbbababbababbaababbaba`bbbabbbbbbbacbbbbcacbbbbbbccccbecbcabbabbbaba`aabbabaaababa`ababaabbabaaaaba`babaabbaba``ba`abaaa`f``
gaaabbaba`ba`abababaabaa``aaabbabaa`bbabababaab`babbbabababba`babbaba`a`bbb`aba`cbabbaabbbbbcbabbbbcbbbabbccbbcbcbbbacbcbbbbbbbabababaabbbbbababb`baaaabbab`abaabaabab```babbababaabbaaf``
fbaab`a`aab`ba``aaababbabbabaaaa``ababbabba`bbabbaaaaabbab`abbbbaababbab`a`ab``b`babbaabbacacabbbbbaceccbcdbbccdacdccbbcbbbabcabbbabababbabbbabaababaabaaabbbaaabaaaa`abaababbbabbababbf``
fbaabaaaaabbaabbaaaaba`abaa`aaa`babbabababbb``aabaabaa`abababa``baba`abacaabacababbabbabbcbbabbbacbbbbcacdbbdccacdabbbacbbabbabaabbabac``babbababbab`baaa`ababab`aaabaabb`aba`ab``a``aag``
g`aaaabababbbabbba`aa`b`ababaaabbaaaaaaa```abbaaabababbabbabababbaabbabbbabaabbabababbababbcaabbdcbdabbbcbcbcacdbbbccdcbabbbbbbbabbbababa``a`aa`bababababaa`bbabababaabbaba``b`aabaabaaf``
eaabaababab``b```abaaababbababbabbababa`bbababab`baababababbabbaabbaaabb`abababbbabbaabaabbbbaabbbcbcbbccbbcbcbabcccbcbcbbbbbacbaabbbababbaaaaab```bbaabbbab`aabbaaabaabaabbbabaaabbbb`g``
fab``aabaabab`aababbbabab``baaba`aaa`ababbaba`bbaabaaab`aaababababaaab`abbbabababbbbabbbcabbcddcfddffdfekmljnkkmmnjmmkkldecdbedfabbabbbbaababaababa`abaa`baabaab`abaaaaa`aababbaababaabe``
gaabbaabaabaababbab`baabaaaababababbb`bbbbbaab`bb`babaaba`a``aabaaa`abaa`babaababbbabbbbbecbcccbeffedffdkijkihkjijijkilkbccdcbbbbabbbcbbababbbababbabababaabaaa`aa`aabaaaa``babbbaa``aaf``
fabbaaa`babbaabbabba`aaa`baba``aba``baaaa`aabba`abbabaaabbabbba``babbabbbaaaabaaabbbbabbdcbcbcbceeeeeedemilkkknkmlklklkjdbdcdedebbbababbbababaababaab```babbaaabaaba`bbaabab````abaabbaf``
fa`aabba````baba```abaabababaabababbbb`a`ba``acaabaa`baabababbababbaababbabbababb`abababacbbacbbeeeefgdeljmikglhmhjiljkjcdcdccbbbbabbbbbbababbbababaabbaba``baabababab`babbababba`aababf``
gaaaabababab`a`abbabb`abababaabaaabba`abababbaabaaaababaabababbbbabbabaa`bbacaaaacababaacbbcdccefedefdedkkkkkknjmjmmhljmcdcdccdfababbbbbbabababbabababbbaababaabaabbbaababbabbabababaa`f``
faababaabbaabaaaaabbababaababaabaaa`aaabaabaaba`babaabaabaaba`baaabababbababbbbabbaabbacbdccccbbfeffdefekljjihmgkjljlikkbcbcdccbacbabbaabaaabbabbabab`bab`ba`babaa``babaa`aabaaa`abb``bf``
faaba`abababbabaabab``b`bba``aaaaababbbabbacbaaaabaaababaaaa`b`a`bbabaaabbabababbabbaabbdbcbbbbbeedfegcelkhnljlmjkkiljnlcdeccdddabbbbbbbaac`aaa``bab`b`ababbabaababbaa`a`baa``aaabaabbaf``
fbababa`baa``abaaab`abab``babaaaaabaabbaa`a`abbaaabababaaaaaabababab``ab`b`b`bbabbbacacabcbadcbbffededeelkjjjikkikmjkhmicbccdbcdbabbbbababaabaabb```aaba`ababaababbbabbaabaabababaa`aabe``
fb``baab``abababb``abababa`abaabb`aababaaaaa``aaaaaaababaaababbab```abbacab`aaabbacabbabgfifhfhgyyyyyyyyyyyyyyyyyyyyyyyymnmmlmlnababbcbba`aabbababbbabbbbaaababb```ba`abaabbababababbaag``
fbaab`bbaaabaa`bbbbababaaabbababaaaa`b``abaabababba`baa`aababbababbbabaaabacaabbcbcbcbbbfffegdfdyyyyyyyyyyyyyyyyyyyyyyyyljjlkjkkcbbbbbbbbbbbbbababbbababbaba`b`aaba`bbaabaa`bab`aabababf``
f`ab`aaabaababb```bba`aaabaabbbabbb`b`bababababbabbaba`bbababba`bbabababaababbabbbbabbbaghgfhghgyyyyyyyyyyyyyyyyyyyyyyyyllllljmlabbbbabbbba`aabbb``aaba``a`ab`aaaabb`aaaabbbababaaaaba`e``
fababbabababa`baba`babaaabba```abbabab`ababbaaaababaabbaababa``abaababbabbbabbbabbbacbbbfdfdhdffyyyyyyyyyyyyyyyyyyyyyyyymjknjmkkabbcccbcababaaaabaababaaaaabacababbbabbaa``aaaaaaaa``aaf``
faaa``b`bbaaaaaaabb``babb``babb`a``babbaaa`aabb``b`aa`abbbb``bababababbaababbabbbabcbbcahghfgfieyyyyyyyyyyyyyyyyyyyyyyyyjmkljknmabdbbbbbabbababbaaabababababa`abaa``aaaaaab`a`baacabbbaf``
fbbabbba``aabbbabababaaabba`abbbaba`abababaaa`aba`bbabaab``ababaa`aababbabba`b``cabcbbabfeffheegyyyyyyyyyyyyyyyyyyyyyyyykljmjmjjcbbbcbacbbababaa`baba`aabbbbababaabbaabaaabbab`ba`bbabbg``
fbabab`abb`abaaaaabaaabababbab`aacbaaababaaaabaaaaaaabab`abababbbbaaba``bbbab`abbbbbcabbheggegheyyyyyyyyyyyyyyyyyyyyyyyyjlkmjminabcabbbbbabcabbbbabb`bab``baaa`bbababbabbaabbbaaba````bf``
faababbb`abaaaababaabab```babaaaa`aaabaa`ababbababababb`bbabababbabaaaaaabaabbbacbbbbbbbfffhfffgyyyyyyyyyyyyyyyyyyyyyyyynllkjnjmababbbbca`bbbabababababaab``aabaabba`ababababbbaaababa`e``
faa`a`abbbabaa`b```a`b`abaab`abababaaa`bbabaabbababaa`aaabababa``bbaaaabaaababbbbcccbbcbomoolonmyyyyyyyyyyyyyyyyyyyyyyyynkpknlolbbbcbcbbab`abbbababa`bababaababaa`aababaca````aa`babbabf``
eaac`ba`aabaaaababbac`ababb`b`abbaabaaa`abaaa`bbbaaaabaa`baab``ba`baabbabacaabaabcbbbabbojmlnkkmyyyyyyyyyyyyyyyyyyyyyyyylkojpolmbbacbadbbaab``bbaba`bab`abaabaabaaaaba```abbbab`bababbaf``
fbabbaababababaabbaaabbaabbbaba`abbababbabba`b``abababbbbaba`abaababbaababbbbaabcbbcbbcbojnnlnonyyyyyyyyyyyyyyyyyyyyyyyyolomolmpbbccbbbcabaabb`baaababaababaabbaabba`bbab`a`aaabbaa``abf``
fbaa`abab`aa`aaaababaabab```bbaaa`aaababb``bababa`a`aababbababbabbabaabab`baabbacabcbcbaolnmklljyyyyyyyyyyyyyyyyyyyyyyyynmnknlnkbbaabbacababababaa`ababbababa`aaababa`babbabbababaababag``
fba`bababaa`abaabaaa`a``aabaabaabba`baababa`abbabaabaa`aaba`ababababaabbababababbbcbbbbaojmmmomoyyyyyyyyyyyyyyyyyyyyyyyymmnomnlpacbcacbb`babbababbbaabaabaabaaa`babaaa`abbabbaaaababba`e``
fababa``aaabbaab``baabbbaaaba`aabaab`ab`ababa``bbbbbaaba``aaabbab`ababaabbaababababcacccokommmknyyyyyyyyyyyyyyyyyyyyyyyylnlmnmlnccccbbbbbbababba`aabaabaaa`babaaba``baba``ba`baba`aaabbf``
ga`ababbbbababa`ab`abababababbabababab`aa`cabba`a`bbbababbabab```aaaba`babbababbccbaccbaollkoknlyyyyyyyyyyyyyyyyyyyyyyyynmnlkollabbbcbcbabbbaababbaabaaaabaaabbab`baaabbbb``ababaaaab`af``
faaabababababbabababaabbababbaba`aabababaa`bbabbaa``baaabbbab`ababbabaaaaabaaababbcbbbbaojomlnmmyyyyyyyyyyyyyyyyyyyyyyyylomnlokpbbbbbbbcabababaaaaaabaabaaaab`bbababaaabbbaba``aaaba`aaf``
faaa`baaaa`a``bbaabab````ba`a``bba`babaabbb`ababaaba``abaabababaabac`aaabababb`abbbbbabaeedeededxwwxyyyywvwvwvvwjojojojobbbcbcbbaabbbbabaaaaabbbbbaab`abaabaab``ababaaba`abbababaaababag``
ebaab`a`a`babb`bab`baabab``baabaabb```abaabbab``aabababababa`aabba``babbbaabbbabcbbbabbbfeeedefdxwwvvwvwususuvtujojojojnbcdddeceabbabbabaabaaaab`abbbabbaabababbabaab```b``abbbabbaabbaf``
f`babbababaabab``baaaababbabbabba`ababab`ba`a`ababababa`b`aaababbbbababababa`abababbbabbefeeeefdwwwxvvuuuwuvttuvjmlkkkjmcebbcddebabcabbbaabaaaaaaaba`aa`babaab`ab`ababababab`bbababbaaag``
gbaababbababababb`aaaababaaa`bbabaaabba`aa`b`babaaabbbab`aababa`abaaabaaaabbaaabcabcabbafeefeeeexwvvwvvwutuvuvtvjmlmmkmlcdedcbbcaaa`bbcbaabbabbaba`aababaabbb`ba`babbabaabb`a````aaa``ae``
fbbaba`aaab``a``ababbaba``bab`a``aababbbababababaabaaaababa`abaaaaab`babaabbabaabbabcbabeeeeegedxwwwvvwwuvuuutvvjnmjlnmmabcecedeabbbbbabbaa`baaba`babaaaba`a`aaabaa``aabbaaababbaaa`bbaf``
e`baabab`abab`bababaaba`ab`baaaababba``baababababa``aaabbbabbababaabaaaaaa`abababbabbbacdfeefcdewvuwvwwuvutuvuuvjmkmlkkkddcbddbcbabcbbbabbbbababbbbababbabaaaaabababaaaabaaabbabababaabf``
fb`a``aabaaaabbaabbaa`aaaabaacababaaaaa`ababab`acabaaba`aababaabbababbaababa`baabcbabbcbeeedeefexwwwvwwwstuusuvuknkjlnmleccddcedacaa`bababababb`abaabaaabaabbbaabbbacaab``ababbbabaabbag``
gaababaaaababaaba``b`bbaaabba`abaaaababaabb`aab``abb`bbababbbb``bbabbabababababbabbbbbbbeegeefedwwwwwxwwuvwusutuknlkminkbcdddccbbacbbaababaabbbaa`bbabaaaaabababa``aabaaabaa````abba`bae``
e`babbaaba`bbaabbab`aabbaababaabaa`aaaabaa`aa`abaa`bbaaab```aabb``aaabbabababbabaaababb`bbabbabba```````a``acbbaaabbbabbbaababbcaba`babababbbabbbaabaaaababa`aba`baaaaaaabbbabbaaabab``f``
faababaabaab`b``babbaa`bba```aa`aababbacabbabaaaaba`aabaacaab`a`bbabbaaabababbabbabababbbabbabbccbcbccbcacccbbbcbcbbcbacbababbbabbabbbbaa```ab``bba`a`aaaabaaa`babab`aabababbabba```babf``
gaba``bbbaaab`ab`aabb`babaabbabababaaba`b`aabababaabbaa`a`ababbaabb``ab`ababbababababbaabcabbbbacbcbdcbdbcccacbcbbbabdababba`bbab``bababbabb``babaababbabaabaabaaabbababba``ab`bbbbababf``
fabaaa```babaaaabb``bbaaaabbabbababaabaa`babaabbaaaabaab`babaacababbbaabbab``abaabbab`babaccbbbbbccdbcbbdbbbdcbdbabbbbabbbacbbbbabbbabbabbabababaaaabababaaababbaa`aaaa``abaa`a``aabbabf``
gb``ababb`abaabaaabbabaaaabbaababababaaabaabbabaaaaaababbabaaa`baa`aab`baabbba`baabaabaabbaabbacccbccbbcbbbcbccbabbbbbcbbbcbbbabbababaca`bbbaabababaababbaa`aabab`bababaaaaacababaaab``g``
fbbabbabbaa`baabaa`ca``aba``a``aa``aaababaaa```aaabaa`abababaaa``ababbaaaa``bab`bbabbabbbbabbcabcbccbbcbbcccbccbcbabbbcabcaabbcabacababbb`ababaab`aaabaa``baababbababbabbabbabbabbaa`bae``
ea`abababbabaabaaaa`aaababab`bb`aabaaa`bacaababaabaabaabaa`b`babbabbabbbaabbababbbabababbacababacacbcbdcdcadbcbcbcbbcbbca`babaabbaabaa`abaa`abbaaabaaa`baabbaaa``abbaabbbaab``aa`bbaaaaf``
f`baba`a``ababab`baabaababaabaabbababbb```babbbababbaaaa`aaaababbabaa`ababbababbbbaabbabbbbcacabbdbbbdbcbcbbcacbcbcbbccbacccabbabaaabbaaababbaba`babababababaaaabaa`aa```b``ab`aa``aabag``
gbab`baaabababb`ababababa`aabaabaabbabbabb```babbaa`bbababaaababaaaa`baaaabbaaaabbbbababbabab`bab`abbaba`abaabab`aaba`aabb`aabbaabaabababbbbaaaabababababbaababaabaaaabababbabbabbbaabag``
faaba`ababaa```aaaabbababbaabb`babaa```acabbab``aabb`babbababbaaaa`abaaababaa`a``babbaba`babacaabbbbaaa`bbababaababababa``abaa`ca`ab``aba`aabba`bab`aaababa``abaabaaababaaaababababaabae``
faaabbaba`babbababa`aaba`ababac````babb``b`abaaaa``baabbaabbbabaaab`babaabababbab`a`aabbbb`aabababaaabbbababaaababcbacbababaaababababbaabbb``babbaabaaab`baba`baaabababbaabab`bba`bbba`f``
faababaaba``babbab`baa``babbabaabbbaa`abb`a`bababbb`c`abba``````bbabababa``aabaabaabab``aaababaabbbabbbabbabbbabaaa`baabababaab`aababbbababababbababaa``a`babababababaa``ab`aa```b`aaabg``
gab`babaababab`baaabababba``b`abbbabbababbabaabbaabaab````bbabba`abababbbbba`abbacaaaabababab``aabab`babaabbacabaabbb`cabbaaababababa`ba`aabab``bababababa`abbaaabaaab`abaaaaabababa`aaf``
fb`b`b`aaabbaaa``aababbabababa``a`bbbbaa`abbaababaabbabbabaabbabbbababaa`aaabbbababbaaaababbacabb`bbbaabbababababaacaaaababbaabababbab`bb``abbaba`aababaabbabaaba`aab`aabababbababbababf``
f`aba`aaaabaaaababaaa`ba``ba`bab`b```babba`aba`abaa``abbbababbabbbaa``babaabababbabbaabbabbbaabbababaaabbabbabbabbaaabaaabbabbabbaab`abbabaabaabaaba`abaababababbabaacaabbababbaabababbe``
fbaaabaaab`b`bababbaaa`babaaaaabaabab``abaabaabb``bbab``aba```a```aababaab`bbba`````babbbaaacaabbbabbbabbabbbabbabababababbbbaabbbababa`abababbbabbabaababaa``ba`abbabbabaaba`aab```aaag``
faababbabab`aabbabaaaba`aaaabaababababbabaaaa`a`ab`bbabbabaabaaaabaaba`aaba````ababaabababababababa``bababbaaa`abaaababba```abaaa`aaabababaab``aababababaab`bb``ba`````a``a`aaa`abaaba`f``
faaababababaab`aaa`aababbababbaa`baaababababbabaabaa`bbab`babababbaabbaaabababababaabaa`b``babaabbbababa```aaabababababbbabbaabaaba`abbbabab`ab`a``aaba`aaaababbbababbaababababaaabaaaaf``
fbaabaaa``aabaaaaaababbababaabbaabba``babaaaabbbababa`ab`a`abababaa`abbbaaaacabbbabababaaab``aab``baaaabbbbaabbabaabaa`bbbabb``ababbaaa`ababaababbaaaa`baaaba`bbabbababbabbbaaababababaf``
ebabab`aabababaaaaabaaaabaabb``aa``aba````baabababaabba`abababba`ababa`abaaa`baaababbabaaaabaaa`ab`baba`abaab`ababbabab``aa`bbbabaabbabb``abaaabbabaaaabaaabaa``aabbabbabb``bbbabbabbabg``
fb`abaaababaaaabbabaab`ab``aaab`abbababbab`ba`````baaabababbab``b`baaaaababba`bbab``aaabbbabaabababbbaababbababababababbbaaaaababab``aaabbabaababaaababbaababbaba``aa`a``aab`aa``a```a`g``
faaa`abababbaaababab`aaaaabaaaabaabbabbbababababab`aaabbab`ba`abbb`baaabbabaab`ab`aaaaaab`abbabababaabbabababbabab`bababbabababbab`aabababaabaa``aa`bababa```abababaabaaaaaabaabaaabaaae``
faabaaaaba`aab`ba`abaabbaaababaababab`aaabbaaaabbabaaa`ab`abaababbaabaaaab`aabba`abaabababbabbbabaaaaaaba`abaab```a```a`abbaabba``abaaaa`baaaabbaababababaabbaaabbabbabbababababababbabg``
gaabbababaaaaab``b``aabbabaabababa```abaaacabaaabbababaa`ab``baabababaababaabbababababaabbba``baababbaabbb`aa`babbabbaab`abab``aababbabab`abbaabbabaabaaaaabbaabaa`aab`ababbaa`aabababag``
gaaaaabaa`abbaabbabaaba`abba`bbaababbaaa`a```bbaa`baababbaababba`a`bbaaba`aaba`abbababab`aababababa``aaabbaaaabaabbabb`bbababbaababababaabaaaba`aabaaa`abaabbaaa`bba`bba`ab``abaaba`baae``
faaaabb`aababbabbababaab`baaa`aaa`aaabaab`abaab`aa`a`ab`abababa`baaa`aa``baa``babab``ba`ab``aaaaa`ababaa``bbababababbbaaaa`b`abbaaabaabaabbababaaabb`aaaaaaa`babbaaba``bbaaaaabaabaaaaaf``
e`ab`b`aabaa`aaabababaaab`a`aba`bbabaababababaaababababaaabaaaabbbabaaacabbaabaa`ababaabbabbaabaaababababb`bbabaaaaaa`bbaba`aabbabba`abaaabb```aaba`aababaaac```ababbababa`baabaaa`abaaf``
gaabb`baababba``a`abababbabababbaababaabbababa`bbabbbaabba``aaaaaababaaababbbaabaa`abaabbababbaababababababaabaaabbaab`bababab`babbaaa``ab`aababaabbabaabaaababbabaaaaba``baabab`aabaaaf``
gabaababa`bababbaba`baaa`abbbababaaaa``a`bbbabaabaaababaaaabb`abaabbaaabaa``aaaabbbabb``a`babbacabbabaabbabaaaabaaa`ababbabbaba````babbaaabaaabbba`abbaabaaabaaba``aaabababbbaabababaaag``
fbaaa`abaa`b``bababa`aaaba```ba`baaabbaab`a```abaaa```abababbb`ba```baababbababbabbaabbaab`aaa``abb``baaa```ba``baac`ba```bbabbbbaa`abbbbaaabaabaaababba``baaabbaababaaabba`babaaabababg``
e`ababaa`ba`aabaabababaaababa`aa`abaababaaaabbaa`ababaaab`abbabababbaaaaa`abbabbababa``babaa`aab``aba`baaabbbabbababbbaaba``b``abcabab`abbabbaabbaba`aabababaa`ababaabaabbaaaaabaaabaa`e``
fba`abaabaabababa`aacabbaabbbabba`b``aaabbabababababbaababa```aaaaabaababbaaca``baa`abaaababaabaabaaab``baabaabba`aa`abbabababba``bba`aa`aabaab```aaaab``baa`baa`bbba`baa``abaa`aba``aaf``
gaabbabababbaababaa``b`baaabbbabababbbababbabababaababaaa`bbabababaaaab``ba```ab``aabababaabaaabbbabbababbbaba`aabbaaabbababa`babaaaababba``aababbaabb`abaaabbabb```abaa`abaaaabaaabbaag``
ebaababababbbaaa`abab`a`bab```babbaab`b``aaa``aabbab``b`baabbabb`baaababbababbaababaabbaaaabaababababbbaababbbaa`ababa``abab`babababaababbaba``abaabbabaababaababbbaabababaaaaabbabaabaf``
gaaaabbab````bb`baabbbbb```aba`b`aababaabababaa`a`a`abaabababba`baaaabaaaaababaabbabaaaabbabbaa`a``aaabbaba```bababababaa```abbabbaa`babaaabbabababaaaabbabaabaa``baaabaaacababa`bb`aaag``
gab````a`abab`ababaa`aababaabab`aaaaababaaa`abbaabaaabababa````abaababababaababaabbaa`a``aa``bbbaaaa`a`````babaabaa`aabbabbbaabaa`aabaa`aaa``bbaa`bb`ba``b``b``aabaabaabaabbababb`abbabe``
fbaabab`bababbaabaaaaab`abbaabbaaba`ababaabaabababababaab`abbababa`aba`aa`aa`bab```bababbaabaabbababbabbabababaabaabbabbabbabaabab`aaaab`baabaabaa``baaba`aaababaabaabaaaaa`ab``abaaabag``
e`aababababaa`aabaaaab`b`bbab`babaababaab`babaaabbabaa`baaaaabbb`abaa`ababbab`aaabaaababbabbab``bbabbaabbabababaaaaaaa``a`bbaaaaaababbababbbaa`aaabbaaababaabbabaabab``aaabaa`abaabaa``f``
fabaaababaa`caaba`bababba``aaaabababa`a`baaababaabaaaaba`aaba`abbaaaabbabaaabaa`abbabababbaabaab``ababaa`ababaaab`ababbaab``bb``baaaabababaabbabaabbabaabbbababbaa`aaabba`aabbaaba`aaabf``
fabbbaaa``aa`bab`babbaabaab`abaaa``bababaaab``a`a``aabaababb`b`abbaaaabaa`abbbabbaaa`baa```a`babbabaa`babaaab`abababaabababb``bbaaabaaabbaaabababaa`babababaaa`bbaaaabababababbaabbabbae``
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